The use of an array of sensors for determining the properties of propagating waves is of considerable importance in many applications. For example, in radar and sonar, an array of sensors is used to determine the spectral content and spatial coordinates of targets. In many situations estimates of the spectral and spatial parameters are based on the estimated cross-spectral matrix. In this paper we establish asymptotic distributional properties for wavenumber estimates using the asymptotic statistical properties of eigenvalues and eigenvectors of smoothed cross-spectral matrix estimates.
I. INTRODUCTION
Consider an arbitrary three-dimensional array of point receiving sensors. The array is in a medium with a three-dimensional noise field and, using spectral estimation methods, is used to estimate the vector velocity, or wavenumber, of propagating waves in the medium.
It is well known that a stationary random process can be characterized by means of a spectral density function. This function provides information concerning the power as a function of frequency. In a similar manner, propagating waves in a homogeneous random field can be characterized by a frequency-wavenumber spectral density function. This function Drovides information con-
In Section I1 we present the standard estimate of the smoothed cross-spectral matrix. We also present the form of the generalized frequencywavenumber estimate.
In Section I11 we present Brillinger's [ 4 ] results on asymptotic statistics for eigenvector and eigenvalue estimates for smoothed cross-spectral density matrix estimates. We also present our results on asymptotic statistics for a generalized wavenumber estimate.
In Section IV we comment on the dependence of the asymptotic variance on array configuration and the eigenvalues of the cross-spectral matrix.
11, TBE GENERALIZEIB WAWNUMBER ESTMULTE
We assume that the output of a sensor, say the jth located at the vector position x is a wide sense stationary discrete-time random process with zero mean. We denote the output process for the In and for a pair Of sens0rs9 say j and k y we this paper we consider the situation where the the second Order periodogram frequency is assumed to be known and consider estimation of the wavenumber spectra only. We note that many authors in order to simplify the analysis do not take the weight function, a(a), into account in their estimate. Even though it complicates the evaluation of asymptotic statistics it must be included in order to achieve a consistent estimate of the cross-spectral density matrix. Using the eigen-decomposition of (2b) we can rewrite the of ( 3 ) as Letting wavenumber generalized wavenumber estimate P ( u ,~) N g(x) = x in (5) yields the conventional estimate, that is If we let g(x) = l/x in (5), we obtain the minimum energy estimate of Capon [ l ] , that is
In the next section we examine asymptotic statistics for the generalized estimate of (5).
ASL?HpMTIC STATISTICS
In order to estimate the asymptotic statistics of the generalized wavenumber estimator of (5) we rely on the asymptotic statistics for eigenvalues and eigenvectors of smoothed cross-spectral matrices as developed by Brillinger [ 4 1 .
We define the vector j ( w ) and its estimate fi The next assumption is also a fundamental assumption. This one is required for establishing asymptotic statistics for eigenvalues and eigenvectors of cross-spectral matrices. for w # ns, n = 1, 2, *.-, the structure of C is more complicated if w = ns, but is not presented.
We now state, without proof, the following theorem which shows that the generalized estimate of wavenumber, (S), is asymptotically normal and provides the structure of the asymptotic variance. The proof follows from the result of Theorem 1 and from the general result for functions of asymptotically normal random vectors, see Serfling Note that this result is a convergence in distribution result, and, thus, does not imply the existence of moments of P ( w ,~) . 
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